A procedure to generate the impedance matrix of foundation resting on an elastic layered half-space medium is proposed.
The prescribed harmonic loadings due to the foundation are decomposed into an infinite Fourier series with respect to the azimuth. For each Fourier component, the analytic solution is obtained by solving the differential equations of wave propagation satisfying the prescribed boundary conditions, and the stress and the displacement continuity conditions at the horizontal interfaces in the layered system. Using this analytic solution, the impedance matrix is obtained by applying the variational principle and the reciprocal theorem with the assumption that the interaction stresses between the foundation and the soil is piecewise linear in the radial direction of cylindrical coordinates.
An example of a two-layer
INTRODUCTION
In recent years, the effect of wave scattering in soil medium caused by the existence of structure has attracted much attention because of the construction of massive structures, such as nuclear power plants, offshore oil drilling platforms and arch dams, in seismic areas. To perform the soil-structure interaction analysis, the substructuring technique is often employed. In such application, the surrounding soil medium of the structural foundation is represented by an impedance matrix which can then be combined into the total stiffness matrix of the structural finite element model. Therefore, how to generate the impedance matrix is an important step for soil-structure interaction analyses.
Several numerical methods with specific assumptions can be used to generate the impedance matrix, e.g, hybrid modelling method and boundary element method.
In the hybrid modelling method, the soil medium is divided into a far-field and a near-field.
The far-field is modelled by either an analytic or a semi-analytic method and the near-field is typically modelled by the finite element method. Then the displacement and the stress continuities are invoked to combine the far-field and the near-field models in order to generate the impedance matrix for the foundation1),2). In the boundary element method, Green's function is used as fundamental solution in the soil medium and the formulation of weighted In order to use this analytic solution to generate impedance matrix, the interaction stresses between foundation and surrounding soil is assumed to be piecewise linear in the r-direction of cylindrical coordinates. Enforcing the compatibility condition of the foundation and the soil medium, the impedance matrix for each Fourier component is formulated using the variational principle and the reciprocal theorem.
Numerical results for a rigid massless circular plate rigidly attached to the surface of a soil layer underlain by a half-space soil medium are presented to demonstrate the proposed approach. The numerical results include torsional, vertical, rocking and horizontal impedances. The coupling impedance for rocking and horizontal excitations is also presented. Since the behaviors of the impedance funcions change dramatically with the soil properties of the half-space layer in the two-layer system, the impedance functions for different combinations of soil properties are compared in order to show the significance of layered stratum.
The analytic solution for dynamic loading on layered medium will now be described. First of all, the general solution of the differential equations of wave propagation is independently found for each layer in the layered medium. The displacement and the stress continuity conditions at the horizontal interfaces in the layered system are then imposed in order to express the displacement and the stress fields in terms of the prescribed dynamic loadings. Since the displacements at the contact area with the structural foundation are only of interest in the soil-structure interaction analysis, the following discussions are focused on the relations between the stress and the displacement components on the horizontal planes.
The dynamic harmonic loadings applied on the surface of a layered half-space medium is shown in mathematical manipulations, it is omitted in the subsequent equations. Through the principle of superposition, it is sufficient to describe the solution procedure by considering only one particular Fourier component (nth component) in Eq. (1) as the prescribed traction on the area 0 <r<a0. In addition, the superscript n denoting the nt' Fourier component is omitted for convenience in the formulations that follow. Now, considering a particular layer j in the total system shown in Fig.l , the general differential equations of wave propagation in the layer with harmonic excitation can be written as follows (2) where subscript j denotes the j th layer, A, and G, are the Lame's constants, pj is the mass density of the soil, w is the frequency, is the dilatation, and wr, wz and we are the rotations.
To solve Eqs. (2), one can use the technique developed by Sezawa to separate the dilatational waves from the rotational waves and then use the technique of separation of variables to solve the independent differential equations for the dilatational waves and the rotational waves11). After combining the solutions for the dilatational and the rotational waves, the general solution of Eqs. (2) for the nt Fourier component can be expressed in the matrix form as follows cosn8 ur(r, z) sinn8 j fcosn8
Lfe rth ytr uyt l cosne / 1 (3) or Lu=LJic1eA where (4) matrix ic1 is defined by Eq. (A-1) in Appendix, vector A=(Al, B1, C1, A2, B2, C2)T are the unknown coefficients determined from the boundary conditions at the upper and the lower interfaces of the layer, matrix e = diag jsfg uey gui eht ellzrwegi8u9z ehtyuz)v= c, and cgj are the compressional and the shear wave velocities in the layer (j th layer), k is the wave number in the horizontal direction, Jn(kr) is the first kind of Bessel founction of order n, and
The stress field in the layer can be obtained by differentiating the displacement field of Eq. (3) with respect to the corresponding variables r, z and 0, and then multiplying it with the constitutive matrix of elasticity. The stress components on the horizontal plane, with the azimuthal variation matrix L shown in Eq.(3) factored out, can then be expressed as follows rrz(r, z)1 t=frdtf cr (r, z)=Jrc2eA lhtr8z (r, z) J (5) where matrix ic2 is defined by Eq. (A-2) in Appendix.
Since the unknown coefficients in vector A are determined from the boundary conditions, the displacement and the stress fields of Egs. (3) and (5) can be expressed in terms of the unknown displacement and stress components at the lower interface of the layer. Moreover, the displacement and the stress components at the upper interface can be combined together and written in terms of the displacement and the stress components at the lower interface as follows:
where E= diag (J, J) matrix J is shown in Eq.(4), transfer matrix a=
is the thickness of the layer, and Y1 and Y; are the unknown displacement-stress vectors at the upper and the lower interfaces of the layer, respectively. Consider the total system shown in Fig.1 . For a given layer in the system, Eq. (6) shows that the displacement-stress vector at the upper interface can be expressed in terms of the displacement-stress vector at the lower interface. Therefore, by imposing the displacement and the stress continuity conditions at the horizontal interfaces from the first top layer down to the half-space layer, one can obtain the displacement-stress vector at the surface of the total system in terms of the displacement-stress vector at the surface of the half-space layer as expressed by Eq.(7). Yo = Eala2 aME-1 YM= ETE-1 YM
Consider the half-space layer in Fig.1 alone. The general solution of the differential equations of wave propagation(Egs. (2)) and the stress field in the half-space layer are similar to Eqs. (3) and (5) respectitively except that the upward propagating reflection wave must be suppressed. The displacementstress vector at the surface of the half-space layer can then be written as Io JIIT2 yhht T2IIKZI (9) where Tts are the submatrices of the matrix T in Eq.(7). After some matrix manpulations of eliminating the unknown vector A, one can obtain the displacement vector uo in terms of the stress vector to.
u0=J(T11, ci+ T12i2) (T21, ci+ T22)fewt J-t0 =JQJ-lto (10) If the layered medium is assumed to be welded to a rigid lower boundary, then uM=0 in YM in Eq.(7). This leads to Q=T12T221 for Eq. (10) . Equation (10) shows the relationship of the stress and the displacement vectors on the surface of the total system. However, it is very difficult to directly satisfy Eq. (10) 
Equation (13) concludes the analytic solution for the layered medium. Although Eq.(13) shows only the displacement components on the surface, the displacement and the stress fields in the layered medium can be determined in a similar fashion.
FORMULATION OF IMPEDANCE MATRIX
To generate impedance matrix using the analytic solution described in the preceding section, it is necessary to express the prescribed traction in a form compatible to finite element model of foundation structure. Therefore, the stress intensity in the r-direction of cylindrical coordinates for each Fourier component in Eq. (1) is assumed to be piecewise linear in the circular region with radius ao in Fig.1 .
Assuming that the interval (0, ao) for Eq. 
and qj pj and sj are the stress intensities at node j for y rz, zz and y ez respectively. Substituting Egs. (14) Consider the layered medium with the prescribed traction defined by Eq.(14). Applying the variational principle to the system, one may have the equations as follows dW= 1ryhtytrytrdte6rtn uordOdr =-(jrekhgfi)oPT u°H wJQDdkdrP =-( GJ)opT w(LhtruHJrdr)QDdkP (17) where H= diag (h, h, h), and h, t o and uo are defined in Egs. (10) and (12) respectively. The coefficients 2r and r in Eq. (17) come from the integrals I cos2nOde or 37 (25s) The matrix I is the impedance matrix for the nt Fourier component. After the impedance matrices for all the necessary Fourier components are determined, the analysis of soil-structure interaction can then be carried out by incorporating these impedance matrices into the total stiffness matrix of the system. Again, it is noted that both matrices I and K in Eq.(24) are symmetric.
NUMERICAL ANALYSES
In the semi-infinite integration of Eq. (19), singular points may exist provided there is no damping assumed for the soil medium. Although technique such as residue theorem may be used to calculate the integrations around the singular points, material damping is assumed in the soil medium in order to comply with the more realistic situation of soil medium. Also, the branch cuts due to multivalued functions v and V move away from the integration path of Eq. (19), if damping is introduced in the medium. Therefore, numerical integration scheme can be directly employed. A. 05 hysteretic damping ratio is chosen in the following numerical examples and the Poisson ratio of the soil medium is assumed to be. Furthermore, using the following two statements, the integrand in the semi-infinite integral can be easily shown to be proportional to y-as k-00
(1) The elements of matrix Q decay with; as k -+ c o, since only downward propagating waves need to be considered and v= V= k.
(2) Using the identities of f r2Jn (kr) dr=dskmuglk Jyryt+1(kr)guytu+rytJ rJn-1(kr) dr and J rJn (kr) dr=tyr7-*Jn_i(r) k+ k 1 Jn-1(kr) dr, and Jn (kr) asiuoipio 00, it is concluded that the elements of matrix D in
Eq. (19) decay with shf/uyh
It is therefore appropriate to replace the infinite integration limit with a finite number without lossing precision. The accuracy in calculating the impedance matrix or functions using the preceding procedure is dependent upon the integration schemes used for calculating the matrices D in Eq. (15) and K in Eq. (19), and the number of subintervals used for the stress model in Eq.(14). A numerical study is designed to address these concerns. In this study, the total system is a rigid circular plate welded on a half-space medium and subjected to torsional and vertical harmonic excitations. Some of the numerical results are shown in Table 1 point for integration is to ensure that the accuracy of the integration in the region with sharp variations is maintained. For the integration in the first region, small intervals and high order integration formula of Gaussian quadrature(60 equal intervals and 20-point formula) are used. In the second region, the integration intervals become larger and larger as k increases. For larger k, the sizes of integration intervals may be also controlled by the degree of the variation of Bessel function Jn (kr).
In general, a larger number of subintervals for the stress model in Eq.(14) is necessary for higher frequencies, if the same degree of accuracy is desired for the entire range of desired frequencies. After examining the tables, however, it can be fairly said that, in terms of precision for impedances, 20 linear stress subintervals are sufficient for the entire range of the nondimensional frequencies 0-10.0.
The impedances by increasing kmax and m, as shown in the tables, are converging, and it is also Table 2 Nondimensionalized Vertical Impedance Table 3 Nondimensionalized Torsional Impedance observed that kmaXao=170, in which ao is the radius of the circular plate, is enough to give accurate results over the nondimensional frequency range 0 -10.0. Since Bessel function Jn(kr) varies more sharply in the r-direction as k increases, the number of integration points in calculating the elements in the matrix D in Eq. (15a) must be increased either as kmax increases, or as the number of subintervals for the stress model decreases. According to the tables, ng=3 can give accurate results, if kmaXao=170 and m=20. Therefore, m=20, kmaXao=170 and ng=3 are chosen in the following example to investigate the influences of layered stratum on the impedance functions. Fig.2 shows the total system of the example, which is a rigid massless circular plate rigidly attached to a two-layer system and subjected to torsional, vertical, rocking and horizontal vibrations. The corresponding impedances are defined as follows KTT is the torsional impedance, Kvv is the vertical impedance, KRR is the rocking impedance, KRH= KHR are the coupling impedances for rocking and horizontal motions, and KHH is the horizontal impedance. The numerical results of these impedances are shown in Fig.3-8 .
In order to demonstrate the presented method further, Fig.3 compares the vertical impedance Kvv with the corresponding result in reference7) for the case of half space medium7). In the figure, one can observe both results agree to each other. Also, one may not distinguish the result with welded condition from that with relaxed condition (neglecting contact shear stress). The result with welded Table 4 Nondimensionalized Vertical Impedance Table 5 Nondimensionalized Torsional Impedance Table 6 Nondimensionalized Vertical Impedance 
4O (2S)
condition actually is slightly higher than that with relaxed condition. From Fig.4-8 , one can see that the impedance functions for the layered system fluctuate along the corresponding impedance functions for the half-space medium, and the fluctuations become more dramatic as the lower half-space layer goes stiffer. This phenomenon can be explained as the influence of the reflection waves from the horizontal interface of the two-layer system. The reflection waves can be either amplifying or diminishing, which are dependent upon the excitation frequency, the responeses at the surface.
For the case of torsional excitation, only shear waves are involved in the formulation of impedance function. Therefore, the nondimensional frequency difference between two adjacent peaks in Fig.4 is about hkyp/gj. This is identical to the characteristic behavior of propagating shear waves in the top layer of the two-layer system. For the case of vertical excitation, all the shear, compressional and Rayleigh surface waves are involved, and these waves have effects to each other. The behavior of the impedance function (Fig.5) , thus, has more irregularities. However, by observing the nondimensional frequency differences between two adjacent peaks in Fig.5 , one can conclude that compressional waves and Rayleigh surface waves govern the behavior of the impedance function for the case of layered medium. By comparing the horizontal impedance function in Fig.6 to the torsional impedance function in Fig.4 , one can observe some similarities. This demonstrates that shear waves dominate in the case of horizontal excitation. Whereas, compressional and Rayleigh surface waves are more important in the case of rocking excitation. This can be concluded by comparing Fig.8 to Fig.5 . The coupling impedance, shown in Fig.7 , may be small for the case of half space medium. However, it is not true for the case of layered medium. This suggests that the coupling impedance can not be ignored in the analysis of soil-structure interaction. Fig.9 show the typical distribution of nondimensionalized contact normal stress for the vertical vibration of the rigid circular plate on half space medium. In the figure, one can observe that curves for m =20 and m = 40 respectively are almost identical for r<0.47. For r>0.47 the curves do not match well to each other. This is because the stress should go infinite as r-ao(ao=0.5). This suggests that the subintervals for the stress model of Eq.(14) should be small enough near the edge of the plate, if one wants to calculate the contact stresses more correctly at the edge. However, this inaccuracy only has little effect on the accuracy of 
